In this article we will study the existence, multiplicity and Morse index of sign changing solutions for the Hardy-Sobolev-Maz'ya (HSM) equation in bounded domain and involving critical growth. We obtain in nitely many sign changing solutions for HSM equation. We also establish an estimate on the Morse index for the sign changing solutions.
Introduction
In this article we will study the equations . A point ∈ ℝ is denoted as = ( , ) ∈ ℝ ×ℝ − and Ω contains some points 0 = (0, 0 ).
By a weak solution of the above problem we mean ∈ Equation (1.1) has been used to model several astrophysical phenomena like stellar dynamics (see [1, 2] ). Also, from the mathematical point of view, equation (1.1) with Ω = ℝ has generated a lot of interest due to its connection with the Brezis-Nirenberg problem in the hyperbolic space (see [4, 9, 16, 17] ). In recent years, much attention has been given to the existence of nontrivial solutions for problem (1.1). In a bounded domain, problem (1.1) does not have a solution in general due to the critical nature of the equation. For the case = 0 and 2 ≤ < , Bhakta and Sandeep in [3] proved the nonexistence of nontrivial solutions for equation (1.1), when Ω is star shaped with respect to the point (0, 0 ), using the Pohozaev identity. They also discussed the existence in some special bounded domain. Jannelli in [15] , has considered problem (1.1) with = 0 and = and proved the existence of a positive solution under some conditions on and . In [6] , Cao and Han established that equation (1.1) with = 0 and = admits a nontrivial solution for all > 0 if ∈ [0, (
When Ω = ℝ , the existence of positive solution for (1.1) has been studied in [19] and [21] . Moreover, the qualitative properties like cylindrical symmetry, regularity, decay properties and uniqueness of the positive solution of equation (1.1) are thoroughly discussed in [14] and [16] . Also when Ω = ℝ , the hyperbolic symmetry of the equation (see [9, 16, 17] ) plays a crucial role in the study of non-degeneracy of positive solutions. Equation (1.1) with = 0 and = 0 is the well-known Brezis-Nirenberg problem [5] and is well studied (see [10, 12, 20] and references therein). Cao and Yan in [8] considered problem (1.1) with = 0 and = . They proved the existence of in nitely many solutions for any > 0 if ∈ [0, ( But [8] and [22] do not have any information about the existence and multiplicity of sign changing solutions. It is also worth mentioning that one cannot obtain the existence and multiplicity of sign changing solutions of problem (1.1) by adopting the methods introduced in [22] . So the question of the existence of in nitely many sign changing solutions for equation (1.1) remains open. An important result attributed to Schechter and Zou (see [20] ) asserts that there exist in nitely many sign changing solutions to the Brezis-Nirenberg problem in higher dimensions. Also Ganguly and Sandeep in [13] proved the existence of in nitely many sign changing solutions for the Brezis-Nirenberg problem in the hyperbolic space.
In the literature, the only paper which deals with the existence of sign changing solutions for equation (1.1) with = 0 and = is [7] , where Cao and Peng obtained a pair of sign changing solutions for ≥ 7, 0 ≤ < [11] . However, the condition on in Theorem 1.1 is coming due to the compactness properties of the solutions of equation (2.8) (see Lemma 4.1) which in turn gives > 6.
As mentioned before, due to the critical nature of equation (1.1), the problem exhibits a nonexistence phenomenon. We start with a de nition.
De nition 1.1. Let Ω be an open subset of ℝ with smooth boundary. We say that Ω is orthogonal to the singular set if for every (0, 0 ) ∈ Ω the normal at (0, 0 ) is in {0} × ℝ − .
We prove the following nonexistence result:
) does not admit a nontrivial solution if
Ω is star shaped with respect to some point (0, 0 ) and Ω is orthogonal to the singular set.
is well studied in [20] . Hence we assume either > 0 or > 0.
We divide the article into four sections. Section 2 discusses the notations and preliminaries, Section 3 is devoted to the existence and the estimate of the Morse index of sign changing solutions. The results of Section 3 are used to prove Theorem 1.1 in Section 4.
Notations and preliminaries
We will always denote points in ℝ × ℝ − as pairs = ( , ), assuming 2 < < and 0 ≤ < 2. Throughout this paper, we denote the norm of
, where denotes the Lebesgue measure in ℝ . Let : Ω → ℝ be a real valued measurable function de ned on Ω. We de ne
and we say ∈ (Ω) if | | , ,Ω < ∞.
We denote by 1,2 (ℝ ) the closure of ∞ (ℝ ) with respect to the norm
. We list here a few integral inequalities, for details we refer to [18] . The rst inequality we state is the Hardy inequality.
Hardy inequality. For > 2 we have
) 2 is the best constant and is not attained.
For any ∈ (0, (
) 2 ), let us introduce the Hilbert space 1 0 (Ω) equipped with the inner product
which induces the norm
By the Hardy inequality (2.2), we get that
hence ‖ ⋅ ‖ and ‖ ⋅ ‖ are equivalent norms. Another consequence of the Hardy inequality is that if <
, then
is positive de nite and has a discrete spectrum in
Then it is characterized by the following variational principle:
Now it is easy to note that, if ≥ 1 ( ), any nontrivial solution of (1.1) is sign changing. This can be seen by multiplying the rst eigenfunction of the operator (−Δ − | | 2 ) in 1 0 (Ω) with the zero-boundary value problem and integrating both sides. Thus, by the result of [22] , equation (1.1) admits solutions and all solutions change sign. Hence, from now onwards we shall only consider 0 < < 1 ( ).
The starting point for studying (1.1) is the Hardy-Sobolev-Maz'ya inequality, that is for the case < , and was proved by Maz'ya in [18] . Now recall the HSM inequality.
Hardy-Sobolev-Maz'ya (HSM) inequality. Let > 2 and ≤ . Then there is = ( , ) such that
Let us derive the following weighted embedding. with the inclusion being continuous, whenever 1 ≤ ≤ < ∞.
Proof. Let 1 ≤ < < ∞ and ∈ (Ω). Then by Hölder's inequality we have
Since the second term on the right-hand side is nite as < 2 and > 2, we have
This completes the proof. Proof. Let { } be a bounded sequence in 1 0 (Ω). Then up to a subsequence we may assume ⇀ in 1 0 (Ω) and pointwise. To complete the proof, we need to show → in (Ω). We estimate
The convergence of the second integral follows from the Rellich Compactness Theorem, since 2 * ( ) < 2 * .
On the other hand, by Hölder's inequality and the Hardy-Sobolev-Maz'ya inequality (2.6), we get
for some positive constant . Therefore, for a given > 0, we can choose a such that
Therefore,
for large . Hence this proves the lemma.
We recall that the solutions of (1.1) are the critical points of the energy functional given by
Then is a well-de ned 1 functional on 1 0 (Ω), thanks to the Hardy-Sobolev-Maz'ya inequality (2.6). We use variational methods in order to prove Theorem 1.1. The main tool is an abstract theorem proved by Schechter and Zou (see [20, Theorem 2] ). However we cannot conclude Theorem 1.1 by directly using the abstract theorem. This is because the variational problem corresponding to (1.1) does not satisfy the Palais-Smale condition. Therefore, to overcome this di culty we argue as in [20] : for each > 0 we obtain a sequence { } ∈ℕ of sign changing solutions of the following subcritical problem:
with a lower bound on the Morse index. Then we prove that sup ∈ℕ ‖ ‖ 1 0 (Ω) < ∞ for xed ∈ ℕ. This is discussed in Section 3.
Existence and Morse index of sign changing critical points
In this section we will prove the existence of sign changing solutions for the perturbed compact problem (2.8) with an estimate on the Morse index. This is done by using the abstract theorem of Schechter and Zou (see [20, Theorem 2] ). However we cannot directly apply it due to the presence of the singular Hardy term and the Hardy-Sobolev-Maz'ya term in equation (2.8), hence we need some precise estimates.
In the sequel we assume that 1 0 (Ω) is endowed with the ‖ ⋅ ‖ norm as de ned in (2.3) unless otherwise mentioned.
Let 0 < 1 ( ) < 2 ( ) ≤ 3 ( ) ≤ ⋅ ⋅ ⋅ ≤ ( ) ≤ ⋅ ⋅ ⋅ be the eigenvalues of (−Δ − | | 2 ) on 1 0 (Ω) and let ( ) be the eigenfunction corresponding to ( ). Denote := span{ 1 , 2 , . . . , }. Then we have
We x a small enough 0 > 0 and choose a sequence in (0, 0 ) such that → 0 in equation (2.8). Let us denote the energy functional corresponding to (2.8) by
Then the singular term ∫ Ω | | For each ∈ (0, 0 ) xed, we de ne
Then from Lemma 2.1 and the Hardy-Sobolev-Maz'ya inequality (2.6), we get ‖ ‖ * ≤ ‖ ‖ for all ∈ 1 0 (Ω) for some constant > 0. Moreover, for xed we have ‖ − ‖ * → 0 whenever ⇀ weakly in 1 0 (Ω), thanks to Lemma 2.2.
We write := { ∈ In other words, ( ) and ( ) are uniquely determined by the relations
Proof of the claim. De ne ( ) − = max{0, − ( )}. If ∈ , we have ≥ 0 and it follows that
Hence, we have
Using Lemma 2.1 and the inequality (2.6), we obtain
for all ∈ ( ), hence we have , ( ( 0 )) ⊂ ( ) ⊂ ( 0 ) for some ∈ (0, 0 ). Also from this relation, we deduce that, for any < 0 , it holds
where > 0 is a positive constant. This in particular means that if ∈ ( 0 ) ∩ , then indeed ∈ . This proves the proposition.
Now we want to examine how the functional , behaves on each nite dimensional space . Proof. For each , ‖ ⋅ ‖ * de nes a norm on 1 0 (Ω). Now since is nite dimensional, there exists a constant > 0 such that ‖ ‖ ≤ ‖ ‖ * for all ∈ . Thus
Since 2 * ( ) − > 2, we have lim ‖ ‖→∞, ∈ , ( ) = −∞. Proof. Using Hardy's inequality (2.2), we have
Thus we have
Hence the proposition follows.
Now we can prove Theorem 3. 
Proof of the main theorems
In this section we will prove the existence of in nitely many solutions for equation (1.1). First we recall the following compactness results by C. Wang and J. Wang (see [22, Proof of Theorem 1.1. The proof is divided into two steps.
Step 1: By combining Lemma 4.1 and Theorem 3.1, we get a sequence { } Moreover, we claim that is still sign changing. Since { } ∞ =1 is a sign changing solutions to (2.8), we can de ne ( ) ± := max{± , 0}.
